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Introduction
Let L be a finite-dimensional Lie algebra over a field k of characteristic zero. Let U(L)
be its enveloping algebra with quotient division ring D(L) and let Z(D(L)) be the center
of D(L). Take f ∈ L∗ and denote by L(f ) the kernel of the alternating bilinear form Bf
onL sending (x, y) into f ([x, y]). The index of L is defined by i(L)=minf∈L∗ dimL(f ).
f is called regular if dimL(f )= i(L), in which case L(f ) is abelian [8, 1.11.7]. The set
L∗reg of all regular elements is an open dense subset of L∗ for the Zariski topology. L∗reg is
stable under the contragredient action of each automorphism α ∈ AutL. Next, we put
F(L)=
∑
f∈L∗reg
L(f ).
This is a characteristic ideal of L containing the center Z(L) of L. Clearly, F(L) = 0 if
and only if L is Frobenius (i.e., i(L)= 0 [21, p. 496], [11,12,23]). Also, F(F(L))= F(L)
(Corollary 1.4), but L/F(L) is generally not Frobenius. Therefore, we call F(L) the
Frobenius semiradical of L. This ideal proved to be a very useful tool in the study
of commutative polarizations [13,25]. Among other things, if L admits a commutative
polarizationP , thenF(L) is contained in P and hence is commutative [25, Proposition 20].
The aim of this paper is to demonstrate that F(L) is an important object in its own
right. For instance, we have the following characterization: Z(D(L))⊂D(F(L)) and if L
is algebraic then F(L) is the smallest Lie subalgebra ofL with this property (Theorem 2.5).
This result has some interesting consequences. In particular, it follows that F(L)= L if L
is a quadratic Lie algebra (i.e., if L admits a nondegenerate symmetric invariant bilinear
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simple Lie algebras) have been subject to much research, e.g., [2–4,14,19,28,29]. They
also play an important role in physics, e.g., in conformal field theory [20].
Next, we consider all Lie algebras having F(L) = L, which we call quasi quadratic.
Although they form a large class, they still possess interesting properties. For instance, such
an L is unimodular and any semi-invariant of D(L) is central (Theorem 3.4). This implies
that any nonzero ideal of U(L) intersects the center Z(U(L)) nontrivially. In particular,
Z(D(L)) is the quotient field of Z(U(L)).
Finally, in Section 4, the Frobenius semiradical of various types of Lie algebras is
determined.
1. Preliminaries
Let L be a finite-dimensional Lie algebra over a field k of characteristic zero, with a
basis x1, . . . , xn. Then the symmetric algebra S(L) = k[x1, . . . , xn] is the direct sum of
the subspaces Sq(L) of homogeneous polynomials (in x1, . . . , xn) of degree q . Next, let
s :S(L)→ U(L) be the symmetrization, i.e., the canonical linear isomorphism which maps
each product y1 . . . yq , yi ∈L, into (1/q!)∑yσ(1) . . . yσ(q), where this sum ranges over all
permutations σ of {1, . . . , q}.
Now, let (Uq)q0 be the canonical filtration of U(L). The associated graded algebra
can be identified with S(L) by the Poincaré–Birkhoff–Witt theorem. The elements u ∈
Uq\Uq−1 are said to be of degree q and [u] = u modUq−1 is called the leading term of u.
All nonzero elements u,v ∈U(L) satisfy [uv] = [u][v] and deg(uv)= deg(u)+ deg(v).
If a = aq + · · · + a0, aq = 0 is the decomposition of a ∈ S(L) into homogeneous
components (ai ∈ Si(L)) then we notice that [s(a)] = aq . We denote byR(L) (respectively
D(L)) the quotient field (respectively the quotient division ring) of S(L) (respectively
U(L)). Every derivation E ∈ DerL acts as a derivation in both R(L) and D(L), leaving
stable the subspaces Sq and Uq and commutes with s (i.e., Es(a) = s(Ea) for all
a ∈ S(L)).
For each λ ∈ L∗ we denote by D(L)λ the set of all u ∈ D(L) such that adx(u) =
λ(x)u for all x ∈ L. Its elements are called semi-invariants with weight λ. Clearly,
D(L)λD(L)µ ⊂ D(L)λ+µ. We put U(L)λ = U(L) ∩ D(L)λ. The sum Sz(U(L)) of the
U(L)λ is called the semicenter of U(L). It is a factorial subalgebra of U(L) [15,17]. The
semi-invariants of S(L) and R(L) are defined in a similar fashion. Since s commutes with
adx , x ∈ L, we see that s maps S(L)λ onto U(L)λ. We also let LΛ be the intersection of
kerλ such that U(L)λ = 0.
Next, let f ∈L∗ be a linear functional. We put
L(f )= {x ∈ L ∣∣ f ([x, y])= 0 for all y ∈ L}
and i(L)= minf∈L∗ dimL(f ), the index of L. L(f ) is a Lie subalgebra of L containing
the center Z(L) of L. By [8, 1.14.13],
i(L)= dimL− rankR(L)
([xi, xj ]) (∗)
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Let α ∈ AutL. Then α(F (L)) = F(L) since α(L(f ))= L(α(f )), f ∈ L∗reg. So, F(L)
is a characteristic ideal of L containing the center Z(L).
Lemma 1.2. Let Ω be a nonempty subset of L∗reg. If Ω is dense in L∗reg (or equivalently
in L∗) then
F(L)=
∑
f∈Ω
L(f ).
Proof. We may assume that F(L) = 0. Suppose∑f∈Ω L(f ) does not coincide with F(L).
Then it is contained in a hyperplane H of F(L). We now consider the Grassmannian
Gr(F (L), i(L)), i.e., the set of subspaces of F(L) with dimension i(L). This Grass-
mannian is an irreducible and complete algebraic variety [8, 1.11.8]. We observe that the
map
ϕ :L∗reg →Gr
(
F(L), i(L)
) : f → L(f )
is a morphism of algebraic varieties. Clearly, Gr(H, i(L)) is a closed subset of Gr(F (L),
i(L)). Hence C = ϕ−1(Gr(H, i(L))) is a closed subset of L∗reg, containingΩ . On the other
hand, L(g) ⊂H for some g ∈L∗reg, i.e., ϕ(g) /∈ Gr(H, i(L)). Thus C = L∗reg.
Finally, L∗reg =Ω ⊂ C  L∗reg, a contradiction. ✷
Proposition 1.3. Let M be a Lie subalgebra of L such that F(L) ⊂M . Then F(L) ⊂
F(M) and i(L) i(M). Moreover, if i(L)= i(M) then F(L)= F(M).
Proof. Clearly, the map
π :L∗ →M∗ : f → f |M
is surjective and continuous. Since M∗reg is a nonempty open subset (of M∗), the same
holds for π−1(M∗reg) in L∗. Therefore,
Ω = {f ∈L∗reg ∣∣ f |M ∈M∗reg}= L∗reg ∩ π−1(M∗reg)
is an open dense subset of L∗. Now, take f ∈Ω . Then L(f )⊂ F(L)⊂M , which implies
that
L(f )=M ∩L(f )= {x ∈M ∣∣ f ([x,L])= 0}⊂ {x ∈M ∣∣ f ([x,M])= 0}.
So, L(f ) ⊂ M(f |M) ⊂ F(M) as f |M ∈ M∗reg. In particular, i(L) = dimL(f ) 
dimM(f |M)= i(M). Finally, by the lemma,
F(L)=
∑
L(f )⊂ F(M).
f∈Ω
A.I. Ooms / Journal of Algebra 273 (2004) 274–287 277On the other hand, π is also an open map. Hence π(Ω)= π(L∗reg)∩M∗reg is an open dense
subset of M∗, contained in M∗reg. By the lemma, F(M)=
∑
f∈Ω M(f |M).
Now, suppose i(L)= i(M). Then L(f )=M(f |M) for all f ∈Ω . Consequently,
F(L)=
∑
f∈Ω
L(f )=
∑
f∈Ω
M(f |M)= F(M). ✷
Corollary 1.4. F(F(L))= F(L) and i(L) i(F (L)).
Proof. Put M = F(L). By the foregoing proposition we obtain that i(L)  i(M) and
F(L)⊂ F(M)= F(F(L)). The other inclusion is obvious. ✷
Remark. L and F(L) do not necessarily have the same index. See, for instance, Theo-
rem 4.1.
Proposition 1.5. Let M be a Lie subalgebra of L of codimension one. Then the following
are equivalent:
(1) F(L) ⊂M;
(2) F(M) F(L);
(3) i(M)= i(L)− 1.
Proof. (1) ⇒ (2). The map
ϕ :L∗reg → Gr
(
L, i(L)
) : f → L(f )
is a morphism of algebraic varieties and Gr(M, i(L)) is a closed subset of Gr(L, i(L)). It
follows that C = ϕ−1(Gr(M, i(L))) is a closed subset of L∗reg. Hence,
Ω = L∗reg\C =
{
f ∈L∗reg
∣∣ L(f ) ⊂M}
is a nonempty (by (1)) open subset of L∗reg (and hence also of L∗). If f ∈ Ω then
f |M ∈ M∗reg by [13, Proposition 1.6(3)] and M(f |M) is a hyperplane of L(f ) [13,
Lemma 1.4(ii)]. Since
π :L∗ →M∗ : f → f |M
is an open map, we deduce that π(Ω) is a nonempty open (and thus dense) subset of M∗,
contained in M∗reg. Then by Lemma 1.2,
F(M)=
∑
f∈Ω
M(f |M)⊂
∑
f∈Ω
L(f )= F(L).
On the other hand, F(L) = F(M) since F(L) ⊂M .
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contradicts the fact that F(M) F(L).
(1) ⇔ (3). By [13, Proposition 1.6],
F(L) ⊂M ⇔ i(M) = i(L)+ 1 ⇔ i(M)= i(L)− 1. ✷
Proposition 1.6. tr(adx)= 0 for all x ∈ F(L).
Proof. Take x ∈ L(f ) with f ∈ L∗reg. It suffices to show that tr(adx) = 0. Clearly, adx
induces an endomorphism E of the quotient space V = L/L(f ). Let B be the nondege-
nerate alternating bilinear form on V deduced from Bf by passage to the quotient. It is
easy to see that E leaves invariant B [5, p. 248]. Hence, E ∈ sp(V )⊂ sl(V ). In particular,
tr(E)= 0. Finally, since L(f ) is abelian,
tr(adx)= tr(adx|L(f ))+ tr(E)= 0. ✷
Proposition 1.7. Let G ⊂ AutL be the adjoint algebraic group of L [8, 1.1.14]. Suppose
there exists a G-stable open dense subset Ω ⊂ L∗reg such that L(f ) and L(f0) are
conjugated for any two elements f,f0 ∈Ω (i.e., L(f )= g(L(f0)) for some g ∈G). L(f0)
is called the generic stabilizer of the coadjoint representation. Then F(L) is the ideal of L
generated by L(f0).
Proof. G is the smallest algebraic subgroup of AutL such that adL ⊂ L(G) ⊂ DerL,
where L(G) is the Lie algebra of G. First we claim that M =∑g∈G g(L(f0)) is the ideal
of L generated by L(f0). Clearly, g(M)=M for all g ∈G. By [6, p. 208] M is left stable
under the action by L(G) and thus also by adL, i.e., M is an ideal of L containing L(f0).
On the other hand, let H be an ideal of L such that L(f0) ⊂ H . Then the algebraic Lie
algebra
{
δ ∈ DerL ∣∣ δ(H)⊂H}
[6, p. 208] contains adL and hence also its algebraic hull L(G). Next, g(L(f0)) ⊂
g(H)=H , where the last equality follows from [6, p. 157] since G is irreducible. Conse-
quently, M =∑g∈G g(L(f0))⊂H . This establishes the claim. Finally, by Lemma 1.2,
F(L)=
∑
f∈Ω
L(f )=
∑
g∈G
g
(
L(f0)
)=M. ✷
2. The main results
R(L), the quotient field of the symmetric algebra S(L), can be considered as the field of
rational functions on L∗. If f ∈ L∗ and P ∈ S(L) then we let P(f ) or f (P ) be the value
of P at f . We denote by Df :S(L)→L the unique linear map such that
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(ii) Df (PQ)= f (P )Df (Q)+ f (Q)Df (P ) for all P,Q ∈ S(L). (∗∗)
Let w = P/Q ∈R(L) with f (Q) = 0. We put f (w)= f (P )/f (Q) and
Df (w)=
(
f (Q)Df (P )− f (P )Df (Q)
)
/f (Q)2.
This is well-defined and (∗∗) remains valid for this extension.
For each x ∈ L we extend adx to a derivation of both S(L) and R(L). We denote by
S(L)adL (respectively R(L)adL) the set of all elements of S(L) (respectively of R(L))
annihilated by all adx , x ∈ L.
Lemma 2.1. Let w ∈R(L) be defined at f ∈ L∗. Then the following hold:
(1) If x1, . . . , xn is a basis of L, then
Df (w)=
n∑
i=1
∂w
∂xi
(f )xi.
(2) Let δ ∈ DerL be a derivation of L. Then
f
(
δ(w)
)= f (δ(Df (w))).
(3) [x,Df (w)] =Df (adx(w)) for all x ∈L(f ).
(4) Let M be a Lie subalgebra of L. If w ∈D(M) then Df (w) ∈M .
Proof. Some of these, if not all, are known to hold at least in the case w ∈ S(L) [10,
p. 584], [27]. We just offer a proof for the sake of completeness.
(1) Put
Dw =
n∑
i=1
∂w
∂xi
(f )xi ∈L.
Clearly, Dx = x if x ∈ L.
Next, take P,Q ∈ R(L) defined at f . Then,
D(PQ)=
n∑
i=1
∂PQ
∂xi
(f )xi =
n∑
i=1
(
P
∂Q
∂xi
+Q∂P
∂xi
)
(f )xi
= P(f )
n∑
i=1
∂Q
∂xi
(f )xi +Q(f )
n∑
i=1
∂P
∂xi
(f )xi
= f (P )D(Q)+ f (Q)D(P).
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D(P)=D(wQ)= f (w)D(Q)+ f (Q)D(w).
Therefore,
D(w)= (D(P)− f (w)D(Q))/f (Q)
= (f (Q)D(P)− f (P )D(Q))/f (Q)2 =Df (w).
Consequently, D =Df .
(2) δ(w)=∑ni=1(∂w/∂xi)δ(xi) holds in R(L). Therefore,
f
(
δ(w)
)= f
(
n∑
i=1
∂w
∂xi
δ(xi)
)
=
n∑
i=1
∂w
∂xi
(f )f
(
δ(xi)
)
= f
(
n∑
i=1
∂w
∂xi
(f )δ(xi)
)
= f
(
δ
(
n∑
i=1
∂w
∂xi
(f )xi
))
= f (δ(Df (w))).
(3) Let x ∈ L(f ), then
Df
(
adx(w)
)=Df
(
n∑
i=1
∂w
∂xi
[x,xi]
)
=
n∑
i=1
∂w
∂xi
(f )Df
([x, xi])+ n∑
i=1
f
([x, xi])Df
(
∂w
∂xi
)
=
n∑
i=1
∂w
∂xi
(f )[x, xi] =
[
x,
n∑
i=1
∂w
∂xi
(f )xi
]
= [x,Df (w)].
(4) Let x1, . . . , xp, xp+1, . . . , xn be a basis of L such that x1, . . . , xp is a basis of M . Then,
Df (w)=
n∑
i=1
∂w
∂xi
(f )xi =
p∑
i=1
∂w
∂xi
(f )xi ∈M. ✷
Theorem 2.2. Each adx , x ∈ F(L), annihilates each semi-invariant u of D(L). In
particular, F(L)⊂ LΛ.
Proof. Since each semi-invariant of D(L) can be written as a quotient of two semi-
invariants of U(L) [9, p. 329], [26, p. 401], we may assume that u ∈ U(L)λ, u = 0, for
some λ ∈ L∗. Then u= s(a) for some nonzero a ∈ S(L)λ. Next, we put
Ω = {f ∈L∗reg ∣∣ f (a) = 0}.
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F(L)=
∑
f∈Ω
L(f )
by Lemma 1.2. Now, take f ∈ Ω and x ∈ L(f ). Then it suffices to show that λ(x) = 0.
Clearly, adx(a)= λ(x)a implies that, using (2) of Lemma 2.1,
λ(x)f (a)= f (adx(a))= f (adx(Df (a)))= f ([x,Df (a)])
= 0 since x ∈L(f ).
Consequently, λ(x)= 0. ✷
Corollary 2.3. Sz(U(L)) ⊂ CU(F(L)), where the latter denotes the centralizer of F(L)
in U(L).
Proposition 2.4. Let M be a Lie subalgebra of L. Then the following hold:
(1) S(L)adL ⊂ S(M) ⇔ Z(U(L))⊂U(M).
(2) R(L)adL ⊂R(M) ⇔ Z(D(L))⊂D(M).
Proof. (1). This follows easily from the fact that s(S(L)adL)=Z(U(L)) and s(S(M))=
U(M).
(2)⇒. We know from [25, Corollary 5] thatZ(D(L)) is generated as a field by elements
of the form z= s(a)s(b)−1 where a, b ∈ S(L) are nonzero relatively prime semi-invariants
of S(L) (w.r.t. adL) with the same weight. So, it suffices to show that z ∈D(M). Clearly,
there exists a λ ∈ L∗ such that adx(a)= λ(x)a and adx(b)= λ(x)b for all x ∈ L. Hence,
adx
(
ab−1
)= (adx(a)− ab−1 adx(b))b−1 = 0 for all x ∈L.
It follows that ab−1 ∈ R(L)adL ⊂ R(M). Hence, ab−1 = cd−1 for some nonzero c, d ∈
S(M). Now, ad = bc implies that b divides d and a divides c in S(L) (since a and
b are relatively prime and S(L) is factorial). Hence there are q and q ′ ∈ S(L) such
that bq = d ∈ S(M) and aq ′ = c ∈ S(M). By [25, Lemma 1] we may conclude that
a, b ∈ S(M) and so s(a), s(b) ∈ U(M) and finally z= s(a)s(b)−1 ∈D(M).
⇐. By [25, Lemma 2] R(L)adL is generated as a field by elements of the form
w = ab−1 where a and b are nonzero homogeneous semi-invariants with the same weight,
i.e., a ∈ Si(L), b ∈ Sj (L) for some i, j , and we can find a λ ∈L∗ such that adx(a)= λ(x)a
and adx(b)= λ(x)b for all x ∈ L. It suffices to show that w ∈ R(M). Since s commutes
with each adx , it follows that for all x ∈L,
adx
(
s(a)
)= λ(x)s(a) and adx(s(b))= λ(x)s(b).
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adx
(
s(a)s(b)−1
)= (adx(s(a))− s(a)s(b)−1 adx(s(b)))s(b)−1 = 0
for all x ∈L.
Consequently, s(a)s(b)−1 ∈ Z(D(L)) ⊂ D(M), i.e., s(a)s(b)−1 = v−1u for some
nonzero u,v ∈ U(M). Hence vs(a) = us(b). Taking leading terms yields: [v][s(a)] =
[vs(a)] = [us(b)] = [u][s(b)], i.e., [v]a = [u]b. Therefore, w = ab−1 = [u][v]−1 ∈
R(M). ✷
Theorem 2.5.
(1) Z(U(L))⊂U(F(L)) and Z(D(L))⊂D(F(L)).
(2) Let L be algebraic and M a Lie subalgebra of L such that Z(D(L)) ⊂D(M). Then
F(L)⊂M .
Proof. (1) We only prove that Z(D(L)) ⊂ D(F(L)). By the previous proposition it
suffices to show that R(L)adL ⊂ R(F(L)). Therefore, take w = P/Q ∈ R(L)adL with
P,Q ∈ S(L), Q = 0. Put
U = {f ∈L∗reg ∣∣ f (Q) = 0}.
Clearly, U is an open dense subset of L∗. Take any f ∈ U . Then by (2) of Lemma 2.1,
f ([x,Df (w)] = f (adx(w))= 0 for all x ∈ L. Hence, Df (w) ∈ L(f )⊂ F(L). Choose a
basis x1, . . . , xp, xp+1, . . . , xn of L such that x1, . . . , xp is a basis of F(L). Then, by (1) of
the same lemma,
∂w
∂x1
(f )x1 + · · · + ∂w
∂xp
(f )xp + ∂w
∂xp+1
(f )xp+1 + · · · + ∂w
∂xn
(f )xn =Df (w) ∈ F(L).
It follows that for all f ∈U ,
∂w
∂xp+1
(f )= 0, . . . , ∂w
∂xn
(f )= 0.
Since U is an open dense subset of L∗ we see that
∂w
∂xp+1
= 0, . . . , ∂w
∂xn
= 0.
Hence, w ∈ R(F(L)).
(2) By the previous proposition Z(D(L)) ⊂ D(M) implies that R(L)adL ⊂ R(M).
Put r = i(L). We now use [8, 4.9.24]. Since L is algebraic, r is the transcendency
degree of R(L)adL over k. Then there exists an open dense subset Ω ⊂ L∗ such that
for each f ∈Ω there exists v1, . . . , vr ∈ R(L)adL defined at f , such that the differentials
Df (v1), . . . ,Df (vr ) are linearly independent over k. We may assume that Ω ⊂ L∗reg (since
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Then dimL(f ) = r and by the proof of (1) we know that Df (v1), . . . ,Df (vr ) belong
to L(f ) and hence form a basis of L(f ). In particular, L(f ) =∑ri=1 kDf (vi). Since
R(L)adL ⊂ R(M) we have that v1, . . . , vr ∈ R(M), which by (4) of Lemma 2.1 implies
that Df (v1), . . . ,Df (vr ) ∈M . Consequently, L(f )⊂M . Finally, by Lemma 1.2 we may
conclude that F(L)=∑f∈Ω L(f )⊂M . ✷
Corollary 2.6. If L is square integrable (i.e., i(L)= dimZ(L)), which is equivalent with
F(L)=Z(L), then Z(D(L))=D(Z(L)). The converse holds if L is algebraic.
Any Heisenberg Lie algebra is square integrable. Other examples can be found in [13,
p. 136–138].
Corollary 2.7. If L is Frobenius (i.e., F(L) = 0) then Z(D(L)) = k, which is equivalent
with U(L) being primitive [21,22]. The converse holds if L is algebraic.
Corollary 2.8 (See also [24]). Let M be a Lie subalgebra of L of codimension one. If
i(M)= i(L)+ 1 then Z(D(L))⊂Z(D(M)). The converse holds if L is algebraic.
Proof. This follows easily from Theorem 2.5 and the fact that
i(M)= i(L)+ 1 ⇔ F(L)⊂M
by [13, Proposition 1.6(4)]. ✷
Remark 2.9. Let L be a Lie algebra having an element u ∈ L such that the centralizer
M = C(u) has codimension one in L. Then i(M)= i(L)+ 1 [13, Proposition 1.9(i)].
Corollary 2.10. LetM be an ideal of a Lie algebraL and b an invariant symmetric bilinear
form on L such that its restriction to M is nondegenerate. Then M ⊂ F(L).
Proof. Suppose M ⊂ F(L). Let c be the Casimir element of U(L) with respect to M .
Then, by [25, Lemma 9], c /∈ U(F(L)). On the other hand, it is well known that c ∈
Z(U(L))⊂U(F(L)), a contradiction. ✷
3. Quadratic and quasi quadratic Lie algebras
Definition 3.1. A Lie algebra L is called quadratic if it admits a symmetric invariant
nondegenerate bilinear form.
Some examples are given in [13, Examples 3.3]. A complete list of all indecomposable
quadratic nilpotent Lie algebras of dimension  7 can be found in [14, p. 462]. The
following is a direct consequence of Corollary 2.10 (see also [13, Theorem 3.2]).
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hold in general (see next section).
We now introduce the following definition.
Definition 3.3. A Lie algebra L for which F(L)= L is called quasi quadratic.
Theorem 3.4. If L is quasi quadratic then L is unimodular (i.e., tr(adx)= 0 for all x ∈ L)
and any semi-invariant of D(L) is central. In particular, Sz(U(L)) = Z(U(L)) and also
any nonzero ideal I of U(L) contains a nonzero element z ∈Z(U(L)).
Proof. The first part follows easily from Proposition 1.6 and Theorem 2.2 and its corollary.
On the other hand, by [16,18] we know that any nonzero ideal I ofU(L) contains a nonzero
semi-invariant z, which is central by the first part. ✷
Corollary 3.5. If L is quasi quadratic then Z(D(L)) is the quotient field of Z(U(L)).
Proof. Any z ∈ Z(D(L)) can be written as a quotient uv−1 of two semi-invariants u,v ∈
U(L)λ, v = 0, of the same weight λ ∈L∗ [9, p. 329], [26, p. 40]. Now, u,v ∈Z(U(L)) by
the foregoing theorem. ✷
Corollary 3.6. Let L be quasi quadratic.
(i) If L is solvable and L = 0 then Z(L) = 0 (this generalizes [14, 2.8]).
(ii) If L is nilpotent with dimL 2 then dimZ(L) 2.
Proof. (i) We may assume that k is algebraically closed. By Lie’s theorem L contains a
nonzero semi-invariant, which is central by Theorem 3.4.
(ii) Suppose dimZ(L) = 1. Since L = Z(L), L admits a reducing quadruple [8,
4.7.7]. In particular, there exists a u ∈ L such that M = C(u) has codimension one in L.
Hence, by Remark 2.9, i(M)= i(L)+ 1 and thus F(L) ⊂M , contradicting the fact that
F(L)= L. ✷
4. Examples
(a) Theorem 4.1. Let N be the Lie algebra of all n× n strictly upper triangular matrices
with coefficients in k. Put p = [n/2]. Then p = i(N) and F(N) coincides with the Lie
subalgebra Q of N consisting of all n × n matrices of the form ( 0 M0 0 ), where M is any
p× p matrix.
Moreover, if n is even then F(N) is a commutative polarization (CP) of N . If n is odd,
then F(N) is the intersection of two CP’s of N .
Proof. As usual we denote by Eij the n× n matrix whose ij th entry is 1 and whose other
entries are zero. Clearly,Eij , i < j , form a basis ofN .N can be considered as the nilradical
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now use [13, Theorem 6.2(1)] and its proof. Clearly, B is a parabolic subalgebra of sl(n)
of type (p1, . . . , pn) where each pi = 1. Let P be the subspace of N generated by all Eij
with 1  i  p, p + 1  j  n. So, P consists of matrices of the form ( 0 K0 0 ) where K is
any p× (n− p) matrix. Let f ∈N∗ be defined by f (Ep,n−p+1)= · · · = f (E1n)= 1 and
zero on all other Eij . Then f is regular and P is a commutative polarization w.r.t. f . It is
easy to verify that
N(f )= 〈Ep,n−p+1, . . . ,E1n〉.
In particular, i(N)= p. We now distinguish the following two cases.
(1) n even, i.e., n= 2p and P =Q.
Clearly, N(f )⊂ F(N)⊂ P by [25, p. 710]. In order to show that F(N)= P we take
Eij ∈ P with 1 i  p, p+ 1 j  n.
We have the following three cases to consider:
(i) i + j = n+ 1. Then Eij ∈N(f )⊂ F(N).
(ii) i + j < n + 1. Then Ei,n+1−j ∈ N and En+1−j,j ∈ N(f ) ⊂ F(N). Hence,
Eij = [Ei,n+1−j ,En+1−j,j ] ∈ F(N) since F(N) is an ideal of N .
(iii) i + j > n + 1. Then Ei,n+1−i ∈ N(f ) ⊂ F(N) and En+1−i,j ∈ N . Therefore,
Eij = [Ei,n+1−i ,En+1−i,j ] ∈ F(N).
(2) n odd, i.e., n= 2p+ 1.
Let P1 be the subspace of N generated by all Eij with 1 i  p+ 1, p+ 2 j  n.
Then P1 consists of all n× n matrices of the form
( 0 K1
0 0
)
where K1 is a (n− p)× p
matrix. Then P1 is also a CP of N , which implies that F(N) ⊂ P1. Hence, F(N) ⊂
P ∩ P1 = Q. The equality F(N) = Q is shown in the same way as in the previous
case.
Remark 4.2. The inclusion F(N) ⊂ Q can also be seen as follows. The generators
of Z(U(N)) obtained by Dixmier in [7] are clearly contained in U(Q). Hence
Z(U(N)) ⊂ U(Q). Taking the quotient (skew) field yields by [8, 4.7.2] that
Z(D(N))⊂D(Q). As N is nilpotent, and thus algebraic, Theorem 2.5 can be applied,
which forces F(N)⊂Q. ✷
(b) Proposition 4.3. Let g be a simple Lie algebra over an algebraically closed field k,
M a finite dimensional simple g-module with dimg < dimM . Consider the semi-direct
product L= g⊕M . Then F(L)=M .
Proof. M is a commutative polarization of L [25, p. 709]. Hence F(L) ⊂ M [25,
Proposition 20]. Clearly, [L,L] = L. Therefore, L is not Frobenius [23, Theorem 3.3(2)],
i.e., F(L) = 0. So, F(L) is a nonzero submodule of the simple g-moduleM . Consequently,
F(L)=M . ✷
(c) Let L be the 6-dimensional solvable Lie algebra over k with basis x0, x1, x2, y1, y2, z
and nonvanishing brackets: [x0, x1] = −x1, [x0, y1] = y1, [x1, y1] = z, and [x2, y2] = z.
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Lie algebra.
(d) The following Lie algebras are all quasi quadratic, but not quadratic.
(i) The 6-dimensional solvable Lie algebraL with basis x0, . . . , x5 and nonvanishing Lie
brackets [x0, x1] = −x1, [x0, x2] = 2x2, [x0, x3] = −2x3, [x0, x4] = x4, [x1, x2] = x4,
[x1, x4] = x5, [x2, x3] = x5.
(ii) The 7-dimensional nilpotent Lie algebra L with basis x0, . . . , x6 and nonvanishing
Lie brackets [x0, x1] = x3, [x0, x2] = x4, [x0, x3] = x6, [x0, x4] = x5, [x1, x3] = x5,
[x2, x4] = x6.
(iii) The semi-direct product sl(2, k)⊕W1 where W1 is the 2-dimensional simple sl(2, k)-
module.
(iv) The semi-direct product L= sl(2, k)⊕H , where H is the 3-dimensional Heisenberg
Lie algebra [1, p. 557]. Its matrix of Lie brackets
h x y e0 e1 e2
h 0 2x −2y e0 −e1 0
x −2x 0 h 0 e0 0
y 2y −h 0 e1 0 0
e0 −e0 0 −e1 0 e2 0
e1 e1 −e0 0 −e2 0 0
e2 0 0 0 0 0 0
has rank 4. Using formula (∗), we see that i(L) = 6 − 4 = 2. Clearly, f = e∗0 ∈ L∗
is regular and L(f ) = 〈y, e2〉 ⊂ F(L). [L,y] ⊂ F(L) since F(L) is an ideal of L.
Therefore, h, e1 ∈ F(L). Similarly, [L,h] ⊂ F(L) implies that x, y, e0 ∈ F(L).
Consequently, F(L) = L. On the other hand, let b : L × L→ k be a symmetric,
invariant bilinear form. Then for all u,v ∈ L,
b
([u,v], e2)= b(u, [v, e2])= b(u,0)= 0.
So, b(L, e2)= b([L,L], e2)= 0. Hence b is degenerate.
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